
Chapter 55
Analysis of Multipath Parameter
Estimation Accuracy in MEDLL
Algorithm

Yuan Gao, Feng Liu and Teng Long

Abstract MEDLL (Multipath Estimating Delay Lock Loop) is an excellent
multipath mitigation algorithm, the core of the algorithm is estimated multipath
parameters, and parameter estimation accuracy determines the actual performance
of the algorithm. Previous studies and experiments have demonstrated the anti-
multipath MEDLL algorithm performance, lack of research but for its observations
on the multipath performance, multipath parameter estimation performance.
Studied MEDLL algorithm the multipath estimation accuracy and thermal noise,
front-end bandwidth, the correlator spacing and sampling rate and other parame-
ters of the relationship obtained MEDLL algorithm under different conditions, the
accuracy of the estimate of the multipath parameters.
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55.1 Introduction

Improvements due to GNSS (Global Navigation Satellite System) augmentations
and GNSS modernization are reducing many source of error leaving and shadowing
as significant and sometimes dominant contributors to error [1]. As a result, the
multipath rejection performance of GNSS receiver becomes more and more
important. The MEDLL (Multipath Estimating Delay Lock Loop) algorithm is a
multipath mitigation algorithm which was first proposed in Ref. [2].
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The performance of MEDLL algorithm applied in NovAtel GPS receiver is analysed
in Ref. [3, 4]. It has been proved the MEDLL algorithm is an effective way to mitigate
errors caused by multipath. The basic idea of MEDLL algorithm is mitigating
multipath by separating direct signal from multipath by estimating parameters of
multipath. As a result, MEDLL algorithm is also applied in multipath monitoring [5].

From above we know previous studies are mainly concentrated in performance
of MEDLL algorithm and how to improve the performance. Some studies are also
focused on how to reduce resource consumption due to highly complexity of
MEDLL algorithm. However, this is rare study on multipath parameter estimation
accuracy. In fact, multipath parameter estimation whose accuracy determines
performance of multipath mitigation is the key to MEDLL algorithm especially in
application using MEDLL algorithm for multipath monitoring.

55.2 Multipath Models and MEDLL Algorithm

55.2.1 Multipath Signal Models

Multipath is the reception of reflected or diffracted of the desired signal as shown
in Fig 55.1. Multipath is divided into two kinds: reflected one and scattering on.
Scattering signal often performs as an additional noise channel, which has little
effects on GNSS receiver working. Therefore, only reflected signal is in consid-
eration when studying multipath parameter estimation accuracy. The reflected
signal can be approximately considered as the direct signal with changes of
amplitude, phase and time delay. Then a simple model for the complex envelope
of a received signal r(t) with multipath after frequency down conversion is

rðtÞ ¼
XN

n¼0

Anejð2p fctþ/nÞpðt � snÞ þ nrðtÞ ð55:1Þ

Fig. 55.1 Generation of multipath
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where, p(t) is the spreading code of the transmission signal, f is the carrier frequency,
An is the amplitude of the nth signal, /n is the carrier phase of the nth signal, sn is the
time delay of nth signal, when n = 0, it means signal is the direct one; nr(t) is the
complex envelope of receiver front-end noise; it is a narrowband random process
which can be represented by the quasi-sinusoidal form as shown in Eq. (55.2).

nrðtÞ ¼ ½nrcðtÞ þ jnrsðtÞ�ejð2p fctþ/0Þ ð55:2Þ

It’s known from Eq. (55.2) that one multipath signal will be determined and
separated from the direct signal once parameters of amplitude, time delay and
carrier phase has been calculated by estimating. Therefore, the main task of
MEDLL algorithm is determining these three parameters of multipath.

55.2.2 Principle of MEDLL Algorithm

MEDLL loop which is a group of correlator with different local replica code phase
is the hard foundation of performing MEDLL algorithm. MEDLL loop is shown in
Fig. 55.2. A group of

The equation of s(t) can be obtained from Eq. (55.1) assuming the carrier
frequency has been estimated accurately during carrier stripping.

sðtÞ ¼
XN

n¼0

Anej/n pðt � snÞ þ nðtÞ; nðtÞ ¼ ½ncðtÞ þ jnsðtÞ�ej/o ð55:3Þ

This group of integrated sum obtained from MEDLL loop which is called
measured correlation function Rs(s) is actually a group of measurement of s(t).
That is:
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RsðsÞ ¼
Xk

n¼1

sðsÞ � pðsþ skÞ½ � ð55:4Þ

Assuming N̂ set of parameters obtained from MEDLL algorithm is
ðAn; sn;/nÞðn ¼ 0; 1; . . .N̂Þ; N̂ is estimated value of multipath signal’s number.
Ignoring noise, the estimated values ŝðtÞ of sðtÞ is:

ŝðtÞ ¼
XN̂

n¼0

Ânej/̂n xðt � ŝnÞ;MðÂ; ŝ; /̂Þ ¼
Z t

t�Tp

½sðtÞ � ŝðtÞ�2dt ð55:5Þ

where, Tp is predetection correlation time and MðÂ; ŝ; /̂Þ is mean square error of
ŝðtÞ:

According to maximum likelihood estimation (MLE) rule, MðÂ; ŝ; /̂Þ should
be minimum, that is:

oM Â; ŝ; /̂
� �

oÂ
¼ 0;

oM Â; ŝ; /̂
� �

oŝ
¼ 0;

oM Â; ŝ; /̂
� �

o/̂
¼ 0 ð55:6Þ

According references [2, 3], Eq. (55.6) can be solved:

ŝi

¼ max Re RsðsÞ �
P̂N

n¼0
n 6¼i

ÂkRref s� ŝkð Þej/̂i

2
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ð55:7Þ

where Rref(s) which is named with reference correlation function in MEDLL
algorithm is the correlation function of p(t) in this receiver channel [2]. The
reference correlation function reflects the characteristics of the receiver’s channel.

55.2.3 Multipath Parameters Solving

It is hard to solve Eq. (55.7) directly because parameters are tightly coupled.
Therefore, Eq. (55.7) is usually solved with method of iterative calculation.

We just take one multipath in consideration in order to simplify the analysis.
That is:

sðtÞ ¼ soðtÞ þ s1ðtÞ ð55:8Þ

where, s0(t) is the direct signal with correlation function of R0(s) and s1(t) is the
direct signal with correlation function of R1(s). Known by the linear characteristics
of correlation function:
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RsðsÞ ¼ R0ðsÞ þ R1ðsÞ ð55:9Þ

The general iterative solver process is:

Step 1 Assuming R0(s) = Rs(s), the first set estimated parameters ðÂ0; ŝ0; /̂0Þ1 of
R0(s) will be obtained. Then, combining this set parameters with reference
correlation function, the first estimated value R̂0ðsÞ1 of R0(s) will be
obtained;

Step 2 Assuming R1ðsÞ ¼ RsðsÞ � R̂0ðsÞ1; the first set estimated parameters

Â1; ŝ1; /̂1

� �

1
of R1(s) will be obtained. Then, combining this set

parameters with reference correlation function, the first estimated value
R̂1ðsÞ1 of R0(s) will be obtained. Assuming R0ðsÞ ¼ RsðsÞ � R̂1ðsÞ1; the

second set estimated parameters Â0; ŝ0; /̂0

� �

2
of R0(s) will be obtained.

Then, combining this set parameters with reference correlation function,
the second estimated value R̂0ðsÞ2 of R0(s) will be obtained;

Step 3 Assuming R1ðsÞ ¼ RsðsÞ � R̂0ðsÞ2; the second set estimated parameters

Â1; ŝ1; /̂1

� �

2
of R1(s) will be obtained. Then, combining this set param-

eters with reference correlation function, the second estimated value
R̂1ðsÞ2 of R1(s) will be obtained;

Repeat Step 2, 3 until the mean square E(Vn) of iteration residuals Vn has met
expectations. Vn is defined in Eq. (55.10)

Vn ¼ RðsÞ � R̂0ðsÞn � R̂1ðsÞn;EðVnÞ ¼
ZD

�D

RðsÞ � R̂0ðsÞn � R̂1ðsÞn
�� ��2ds ð55:10Þ

55.2.4 Algorithm of Parameters Estimation

Assuming that a correlation function Rs(s) contains only one path signal, in order
to estimate its parameters, we should first find the maximum energy point smax

make Eq. (55.11) established.

Re Rsðsmaxð Þ½ �2 þ Im Rsðsmaxð Þ½ �2
n o

¼ max ReðRsðsÞ½ �2 þ ImðRsðsÞ½ �2
n o

ð55:11Þ

Carrier phase estimated value is obtained through four quadrant arctangent at
this point as shown in Eq. (55.12).
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/̂s ¼ arc tan 2
ImðRsðsmaxÞÞ
ReðRsðsmaxÞÞ

� �
ð55:12Þ

Then, at the same point time delay estimated value is obtained through inco-
herent early-late code discriminator as shown in Eq. (55.13).

IE ¼ Re Rs smax � dTcð Þð Þ;QE ¼ Im Rs smax � dTcð Þð Þ
IL ¼ Re Rs smax þ dTcð Þð Þ;QL ¼ Im Rs smax þ dTcð Þð Þ

sEMLP ¼ I2
E þ Q2

E

� �
� I2

L þ Q2
L

� �	 

ð55:13Þ

where, Tc is the chip length of spreading code.
At last, the amplitude estimated value is obtained through reference correlation

function as shown in Eq. (55.14).

Âs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Re Rs smaxð Þð Þ2þIm Rs smaxð Þð Þ2

q
Rref ð0Þ
Rref ðŝsÞ

ð55:14Þ

55.3 Error Analysis of Multipath Parameters Estimation

It’s known in Eq. (55.7) that time delay plays a more important part because it
determines if the estimating point is right. On the other hand, time delay gets more
concerned in applications which apply MEDLL algorithm into multipath mitiga-
tion (actually most applications are such). Therefore, in this paper estimation
accuracy of time delay is mainly discussed.

55.3.1 Error Source of Estimation

It’s known from Sect. 55.2.4 that estimation of time delay is similar to code
tracking in normal GNSS receiver. Therefore, the source of estimation is mainly
thermal noise, front-end bandwidth and correlator spacing [1, 6]. There is another
source named with iteration residuals because iteration calculation is applied into.

Iteration residual is similar to multipath when estimating time delay. In the
following analysis we first analyze other sources then take iteration residual into
consideration.
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55.3.2 Error Brought by Noise and Limited Bandwidth

Without consideration of iteration, assume the theoretical time delay in Eq. (55.13)
is e, and then the linear model of EMLP’s output is:

sEMLP ¼ Kes þ ns; es � sEMLPj j ! 0 ð55:15Þ

where, K is slope of discriminator around theoretical value independent of noise. ns

is the output noise of discriminator whose bandwidth is greater than predetection
correlation bandwidth 1/Tp. As a result, n can be considered as zero mean and
independent in each output, and then mean square of discrimination error is [6]:

r2
EL ¼

2NsTp

K2
ð55:16Þ

where, Ns is power of ns. Then Eq. (55.13) is rewritten as follow:

IE ¼ Re Rref smax � dTcð Þ þ nE

� �
; IL ¼ Re Rref smax þ dTcð Þ þ nL

� �

QE ¼ Im Rref smax � dTcð Þ þ nE

� �
;QL ¼ Im Rref smax þ dTcð Þ þ nL

� � ð55:17Þ

where, the noise term is obtained in following equation:

nE ¼ nðtÞ � p smax � dTcð Þ; nE ¼ nðtÞ � p smax þ dTcð Þ ð55:18Þ

Then the output of discriminator can be presented as follow:

sEMLP ¼ I2
E þ Q2

E

� �
� I2

L þ Q2
L

� �	 


¼ Rref smax � Tcdð Þ þ nE

�� ��2� Rref smax þ Tcdð Þ þ nL

�� ��2

¼ Rref smax � Tcdð Þ
�� ��2� Rref smax þ Tcdð Þ

�� ��2þ nEj j2� nLj j2

þ Rref smax � Tcdð Þn�E � Rref smax þ Tcdð Þn�L
þ R�ref smax � Tcdð ÞnE � R�ref smax þ Tcdð ÞnL

ð55:19Þ

Because expectation of terms containing noise in above equation is zeros [7],
the expectation of sEMLP is:

E sEMLPð Þ ¼ E Rref smax � Tcdð Þ
�� ��2� Rref smaxþTcdð Þ

�� ��2
� �

ð55:20Þ

Then

K ¼ E0 sEMLPð ÞjsEMLP¼smax
;Ns ¼ Var sEMLPð Þ ð55:21Þ

Equations (55.19–55.21) substituted into Eq. (55.16) after finishing is [1, 6, 8]:
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r2
EL ¼

1
4p2

R bs=2
�bs=2 Ssðf Þ sin2ðp fdTcÞdf

ðPs=N0Þ
R bs=2
�bs=2 fSsðf Þ sinðp fdTcÞdf

� �2

� 1þ
R bs=2
�bs=2 Ssðf Þ cos2ðp fdTcÞdf

ðTPPs=N0Þ
R bs=2
�bs=2 Ssðf Þ cosðp fdTcÞdf

� �2

2

64

3

75

ð55:22Þ

where, Ss(f) is transmit spectrum of navigation signal, Ps is received power, N0 is
single band power spectral (assuming noise is white), bs is front-end bandwidth.

55.3.3 Error Brought by Iteration Residual

Because iteration residual is similar to multipath when estimating time delay, we
assuming error brought by iteration residual is rir(Vn), that is:

rs ¼ rmpðVnÞ þ rEL ð55:23Þ

According to MLE rules:

o

os1

Z t

t�Tp

½sðtÞ � ŝ0ðtÞ � ŝ1ðtÞ�2dt ¼ o

os1

Z t

t�Tp

½Vn�2dt ¼ 0 ð55:24Þ

From Eq. (55.24) we can know that VN is considered independent of s1 when
estimating delay s1 of s1(t), that is:

Vn ¼ Rref s0ð Þ � Rref s0 þ rELð Þ; rs ¼ rmp Rref s0ð Þ � Rref s0 þ rELð Þ
� �

þ rEL

ð55:25Þ

55.4 Analysis of Accuracy and Simulation

Correlation spacing d is usually tiny in MEDLL loop. Therefore, make d ? 0,
known from Eq. (55.22), when received power is constant and Tp ? ?,

r2
EL !

1

ð2pÞ2ðPb=N0Þx2
RMS

Pb ¼ Ps

Zbs=2

�bs=2

Ssðf Þdf ; xRMS ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ bs=2

�bs=2
f 2Ssðf Þdf

s ð55:26Þ
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where, xRMS is named with root-mean-squared bandwidth [1] or Gabor bandwidth
[9]. It is useless when d ? 0 because of Gabor bandwidth.

Take BPSK-R(n) modulation which is used in most running satellite navigation
system as an example. C/A code of GPS L1 is BPSK-R(1), when d ? 0:

r2
EL ffi

1
2Pb=N0bsTc

1þ 1
TpPb=N0

� �
; d	 1

Tcbs
ð55:27Þ

From above equation we know that when front-end bandwidth is determined and
correlator spacing is smaller than 1/Tcbs accuracy of time delay estimation tends to a
value independent of correlator spacing. Figure 55.3 shows accuracy of GPS L1C/A
code delay estimation under different MDR (Multipath-to-direct Ratio).

From Fig. 55.3 we can see that accuracy of time delay estimation is mainly
determined by thermal noise and front-end bandwidth and tends to a constant value
when MDR is small. However, when MDR is large that accuracy is mainly
determined by iteration residual instead and its envelope tends to envelope of error
caused by multipath.

55.5 Conclusions

In this paper, we first analyze the accuracy of multipath parameter estimation from
principle and implementation of MEDLL. Then error source of estimation is
analyzed and equation of accuracy is given and proved to be correct by simulation.
Otherwise, the theoretical limit of accuracy is given under various conditions. It is
helpful to design of application using MEDLL algorithm.
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